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section S1. Analytical model for the bubble ring
Theory
We consider the case of an axis-symmetric bubble pinned onto a cylindrical strip, of radius r i and axial length w b , as shown in fig. S1 . We assume the cylinder to be rotating with respect to its axis with constant angular velocity, under isothermal conditions.
fig. S1. Schematic representation of the bubble.
The reference system is reported in fig. S1 . The boundary conditions (BCs) are = 0 and = 1 at bubble pinning ends
Furthermore, we note that ′ √1+( ′ ) 2 = * sin -see fig. S1 . Thus, by defining = sin , we can rewrite the previous differential equation as
Eqs. (S1.1) and (S1.2) admit no known analytical solution, thus in the following they will be solved numerically, accordingly to the input dimensionless set of parameters / , , and . A comparison between the prediction of Eqs. (S1.1) and (S1.2), and experimental results, is provided in the main text (see Fig. 2 and related discussion). In the following, we focus on the growth and stability characteristics of the bubble at varying external conditions.
Bubble formation upon air injection
In fig. S2 we show the typical bubble growth, observed in the meridian plane, as predicted by Eqs. (S1.1) and (S1.2) during the air injection process, for = 4.0 , = 12.5 and zero rotational speed. w is the axial extent of the hydrophobic strip (w= w pho ). In particular, (1) the bubble nucleates first at the top pinning end, and 
Bubble growth, parametric study
In fig. S3 we show the dimensionless bubble pressure p (black lines) and the dimensionless bubble axial length b / (red lines) as a function of the radial thickness of the hydrophobic strip t b , for = 2.0, 3.5, 4.0, 4.5, 6.0mm, and for zero rotational speed. t b corresponds to TH in the main text. We observe first that, under no rotation of the internal cylinder wall, the dimensionless pressure p is proportional to the bubble curvature at its lowest axial end. Thus, fig. S3 shows that, under relatively low injected air volume, the bubble bottom shape is convex for all the calculated strip sizes; by further supplying volume to the bubble, a transition toward a concave geometry is experienced first for the larger hydrophobic patterns. The convex geometry is then recovered at larger injected volumes, unless for the largest strip size (6 mm) due to the large Bond number as expected. Indeed, the larger the Bond number the larger the bubble asymmetry due to the buoyant forces. The drag on the vertical wall of the inner rotor with air rings consists of two parts: the air-solid friction inside on the air ring and the solid-water friction on the hydrophilic strip. We can easily estimate the magnitude of these two parts of drag by making some simplifications. In particular, we assume the cross-section of the air ring to be rectangular, with average thickness and with azimuthal velocity on the bubble-cylinder side dictated by the inner rotor (which rotates at angular speed ), and with azimuthal velocity on the air-water interface, θa−w , adopted from the experimental results in Fig. 6 (a). A rough estimation of the Re inside the air ring is = = 1.4 to 11.4, supporting the assumption of laminar air flow in the bubble. Therefore, the azimuthal velocity in the bubble has the following solution
where r is the distance of a point from the cylinder axis, with 
of the grooved and flat inner rotor against Re.
Consequently, the air-solid friction in the air ring is
where is the dynamic viscosity of air. Combining equations S2.2-2.4, the air-solid friction for inner rotor with air rings is estimated to be negligible compared to the water-solid friction on the smooth rotor. However, the global torque shows negligible differences between the results obtained using grooved and smooth inner rotors [ fig. S5 (b)] which also confirms that the contribution of air-solid friction is very small compared to the water-solid friction.
These tests are also interesting as they further demonstrate the stability in the formation of the air rings. The superhydrophobic coating thickness is of order 10±1μm.
Such a value is comparable with the smallest values of the air ring radial thickness (the smallest one is 0.16 mm). Thus, in these conditions, the air ring thickness is comparable to the coating root mean square roughness. Thus, one can imagine that instead of forming a single air ring, the water could stay in a Cassie-Baxter state, i.e.
the ideal single air ring is fragmented in several micro-bubbles distributed in the valleys of the coating roughness. However, we observe experimentally that this is not affecting the measured torque with respect to the case when grooves are produced on the rotor surface, even at the minimum air ring thickness adopted in the experiments. Hence, we can deduce that the air is always coalescing to form larger air ring, without the occurrence of a proper Cassie-Baxter wetting state, therefore keeping the drag at minimum.
section S3. On the flow regimes encountered in the experiments
In this section we discuss on the flow regimes experienced in the experiments. The geometry adopted in the experiment is, nominally, a Taylor-Couette geometry. Thus, depending on the Couette Reynolds number = / and on gap ratio
is the dynamic viscosity), several regimes can be expected(1-3), such as laminar, laminar with Taylor-Couette instability, wavy
Taylor-Couette, transition regime, low and high turbulent regimes, etc.
In the experiments reported in the main text, the Taylor number = −1 √ / is typically larger than the critical Taylor number = 41.3
by a factor 10. Moreover, is of order 10 3 (between 0.6k and 1.4k). Such
Reynolds number suggests that the flow regime is nominally expected to be located in between the transition regime (64 < < 500) and the low-turbulent regime 
Theory
In this section we study the role of the bubble in the drag generation, for the steady rotating system described in Section S1. Since the bubble shape is quantitatively insensitive to the variation of rotational speed, we will assume, in the following theory, the bubble shape not affected by the surrounding liquid hydrodynamics. Furthermore, it is worth defining an effective velocity ̅ 0 as an average value of the azimuthal flow velocity over the chambered volume
Note that ̅ 0 = 1 for no slip conditions applied on the whole internal cylinder surface. Thus, ̅ 0 provides the magnitude of the effective velocity to be adopted to calculate the effective Reynolds number of the conjunction, see section S3. 
Effect of cylinder gap ratio = /
In fig. S8 we show the normalized cylinder torque ̅ [Eq. (S4.4)] as a function of the slippage area density , for = 0.1 (dotted line), = 0.5 (dashed line) and for = 0.735 (solid line, referring to the experiments). No bubble is included in the calculations, whereas three values of the slippage parameter are adopted, = 0.1, 0.5 and 1. We note first that, when the bubble is not included on the surface, ̅ = ̅ 0 . Furthermore, the slippage area density is as effective as the slippage parameter in reducing the torque drag and, in particular, a noticeable friction reduction can be obtained for a textured area larger than, approximately, 50%.
For smaller , therefore, the fluid dynamics is basically unaffected by the texturing.
Finally, increasing the gap ratio determines an increase of the drag, however such effect is relatively marginal if compared with the drag reduction achievable by adopting slippage parameters and . 
Effect of bubble thickness and pinning extension
In this Section we provide more details on the role of partial bubble pinning on the torque drag. In the main text we have shown that an optimum in the friction reduction occurs at a specific value of the hydrophobic strip axial size. The existence of the latter minimal drag has been related to the coupling between a bubble geometric effect (incomplete coverage of the bubble on the hydrophobic strip) and the laminar shift (reduction of the effective Reynolds number towards the laminar regime). In fig.   S9 we show the a) drag reduction and the (b) effective dimensionless wall velocity ̅ 0 (both with respect to the untextured surface) as a function of the axial size of the hydrophobic strip w. For different bubble radial thickness ( = 0.16, 0.31, and 0.47mm), and for a partial slippery ( = 0.043) and no-slip ( = 0) BC applied to the bubble-free textured surface. We observe that the bubble geometric effect alone provides the existence of a minimal drag (see fig. S9a ), which is however quite sensitive to the description of the wetting condition in the bubble-free textured surface. In particular, by considering even a small (but non zero) slip parameter , the maximum drag toque, as well as the hydrophobic strip size at which is occurring the maximum (w min ), are sensibly different from the cases where no-slip is considered (on the bubble-free textured surface). The effective wall velocity shown in fig. S9b shows a very similar trend. In particular, the largest the bubble thickness, the lowest the effective Reynolds number with respect to the untextured case, at constant w. Thus, the laminar shift has to be more prominent for increasing bubble thickness, thus 
section S5. Torque contribution of the top and bottom cylinder flat surfaces
Here we provide the details regarding the method of determining , which is derived from and (in our work, is defined as twice the torque given by the single cylinder flat surface). Furthermore, we measured with the method used by Westerweel et al. (46) . In particular, this is done by measuring the torque of the uncoated inner rotor with different lengths submerged in water. In this process, the contribution of the cylindrical wall increases linearly with its submerged length (see fig. S10(a) ). So the torque of the side wall for the rotor totally submerged in water can be calculated, as well as ( fig. S10(b) ). The results show that the measured ratio / ranges from 0.12 to 0.13. fig. S10(b) ).
The discrepancy between the measured ratio and the predicted ratio might be related In order to shed light on the effect of air solubility on air ring thickness, we have measured the time-resolved dissolution rate of the air ring in different water conditions. In particular, for the air-saturated water used in this study, when the inner rotor is rotating in the outer cylinder used in the results reported in the main part of the manuscript, the air ring reduces by less than 2% in volume (calculated on the basis of the thickness reduction of the air ring) within 4 hours of steady operation at constant rotating speed of the inner rotor of 200 rpm. Thus, the rate of variation of dissolved air-in-water can be neglected during the time scales involved in the experiments. While for degassed water (obtained by previous boiling), the air ring reduces around 5% in volume within 4 hours.
However, when the inner rotor is rotating in a 10cm×10cm×120cm water tank at constant rotating speed of 200 rpm, the air ring still reduces by less than 2% in volume for the air-saturated water used in this study within 4 hours, while it only takes about 50 minutes for the air ring with initial average thickness TH=0.62 mm to completely dissolve into the surrounding degassed water, see fig. S11 fig. S11. Air rings' dissolving process when the inner rotor is rotating in a 10 cm × 10 cm × 120 cm water tank. a) Air rings on the Inner rotor of the Taylor-Couette cell. b) Cross-sectional views of single air ring captured during the dissolving process. 
Effect of the rotating speed on air ring stability
In the main text of the manuscript, we investigated the drag reduction as a function of the Reynolds number, and we found that the performance is stable for Reynolds numbers up to 1320, corresponding to a rotating speed of 200 rpm (rotations per minute) in our system (see movie S1). Unfortunately, such speed corresponds to the maximum rotating speed of the viscometer (Brookfield Programmable LVDV-II+, Brookfield AMETEK) we have adopted.
Thus, in order to perform a preliminary investigation of the air ring stability at higher
Reynolds numbers, we have also built a new simplified Taylor-Couette apparatus, which is not fitted with a torque gauge. The diameters of the new device inner and outer rotors are 50mm and 70mm, respectively and the maximum rotating speed is 1500 rpm, one order of magnitude larger with respect to the maximum speed of the system used in the main text.
In the supplementary experiments (with the new apparatus), we found that the air-ring based Taylor-Couette flow experiences three markedly-different regimes as the rotating speed is increased: i) A stable-ring regime, i.e. the air rings are very stable without visible deformation; ii) a deformed-ring regime, i.e. the air rings deform but without breakup; iii) ring-breakup regime, i.e. the air rings rupture with small air bubbles breaking away from them. The transition boundaries between the different regimes are difficult to establish from visual inspection, since there is no abrupt change in the shape of the air ring. For example, when the air ring average thickness equals 0.32 mm, the approximated transition speeds leading to the deformed-ring and ring-breakup regimes are, respectively, ~800 rpm and ~1300 rpm (corresponding to Couette-Reynolds numbers 23400 and 38100, and to Taylor numbers 14800, 24100), respectively (see movie S2).
Moreover, these preliminary results show that such transitions are intimately related to the rotating speed as well as to the initial geometry of the air ring and to the gap width. The vibration of the rotating rotor also strongly affects the air rings stability. We are aware of the importance and of the scientific extension of the fundamental research behind this new TC flow, which will be addressed through detailed fundamental studies in our future work.
